
Contents

1 Introduction 7

2 Description of the asymmetric field-flow fractionation 9

3 Preliminaries 11

4 The optimal control problem 15
4.1 The Stokes–Brinkman equation . . . . . . . . . . . . . . . . . . . . . . . . . . 15
4.2 The advection-diffusion equation . . . . . . . . . . . . . . . . . . . . . . . . . 18
4.3 The optimization problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

5 Discretization in space 21
5.1 The finite element method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
5.2 Finite element discretization of the Stokes–Brinkman equation . . . . . . . . 25
5.3 Finite element discretization of the advection-diffusion equation . . . . . . . . 28
5.4 Spatial discretization of the optimal control problem . . . . . . . . . . . . . . 29

6 Existence of a minimizer 31
6.1 Solvability of the semi-discretized Stokes–Brinkman equation . . . . . . . . . 32
6.2 Solvability of the semi-discretized advection-diffusion equation . . . . . . . . . 38
6.3 The existence of a minimizer . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
6.4 Differentiability of the solution operators . . . . . . . . . . . . . . . . . . . . . 43

7 Lagrange framework and first-order necessary optimality conditions 55
7.1 Preparations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
7.2 Introduction of an auxiliary system . . . . . . . . . . . . . . . . . . . . . . . . 60
7.3 Existence of Lagrange multipliers . . . . . . . . . . . . . . . . . . . . . . . . . 62
7.4 The first-order optimality conditions for the auxiliary problem . . . . . . . . 65
7.5 First-order optimality conditions for the original problem . . . . . . . . . . . 69
7.6 The gradient method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
7.7 Error estimation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

8 Model order reduction 77
8.1 Model reduction by tangential interpolation . . . . . . . . . . . . . . . . . . . 77

8.1.1 Iterative rational Krylov algorithm . . . . . . . . . . . . . . . . . . . . 79
8.1.2 IRKA for the Stokes–Brinkman equation . . . . . . . . . . . . . . . . 80

5



8.2 Balanced truncation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83
8.2.1 Balanced truncation for linear time-invariant systems . . . . . . . . . 83
8.2.2 Balanced truncation for the Stokes–Brinkman equation . . . . . . . . 84
8.2.3 Balanced truncation for systems with many inputs or outputs . . . . . 88

8.3 POD for model reduction of nonlinear equations . . . . . . . . . . . . . . . . 90
8.3.1 Problem formulation and snapshots . . . . . . . . . . . . . . . . . . . 91
8.3.2 Optimal solution by SVD . . . . . . . . . . . . . . . . . . . . . . . . . 92
8.3.3 Model reduction by projection . . . . . . . . . . . . . . . . . . . . . . 92
8.3.4 Discrete empirical interpolation method . . . . . . . . . . . . . . . . . 93
8.3.5 Matrix DEIM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
8.3.6 Model reduction for the advection-diffusion equation . . . . . . . . . . 98

8.4 The reduced gradient method . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

9 Numerical experiments 101
9.1 Model reduction results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

9.1.1 Stokes–Brinkman equation and its adjoint . . . . . . . . . . . . . . . . 101
9.1.2 The advection-diffusion equation and its adjoint . . . . . . . . . . . . 101

9.2 The optimal control problem . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

6


