Contents

Introduction

I An analysis of crystal cleavage in the passage from
atomistic models to continuum theory

1 The model and main results

1.1 The discrete model . . . . . . .. .. .o

1.2 Boundary values and scaling . . . ... ... ... .........

1.3 Limiting minimal energy and cleavage laws . . . . . . .. ... ..

1.4 A specific model: The triangular lattice in two dimensions

1.5 Limiting minimal configurations . . . . . .. ... .. .. ... ..

1.6 Limiting variational problem . . . . . .. .. ... ... ..
1.6.1 Convergence of the variational problems . . . . . ... ..
1.6.2  Analysis of a limiting variational problem . . . . . . . . ..
1.6.3 An application: Fractured magnets in an external field

2 Preliminaries
2.1 Elementary properties of the cell energy . . . . . . .. . ... ..
2.2 Interpolation . . . . . . . . . ... ...
2.3 An estimate on geodesic distances . . . . . . ... ... L.
2.4 Cell energy of the triangular lattice . . . . . ... ... ... ...

3 Limiting minimal energy and cleavage laws
3.1 Warm up: Proof for the triangular lattice . . . . . .. .. .. ...
3.2 Estimates on a mesoscopic cell . . . .. ... 0oL
3.2.1 Mesoscopic localization . . . . .. ... ... ... .....
3.2.2 Estimates in the elastic regime . . . . . . . . ... ... ..
3.2.3 Estimates in the intermediate regime . . . . . .. .. . ..
3.2.4  Estimates in the fracture regime . . . . . . .. .. ... ..
3.2.5 Estimates in a second intermediate regime . . . . . . . ..
3.3 Proof of the cleavage law . . . . . . . ... ... ... .. .....
3.4 Examples: mass-spring models . . . . . ... ... ... ... ...

15

17
17
20
22
24
27
31
31
34
35

37
37
40
43
45



3.4.1 Triangular lattices with NN interaction . . . . . . . .. ..
3.4.2 Square lattices with NN and NNN interaction . . . .. ..
3.4.3 Cubic lattices with NN and NNN interaction . . . . . . . .

4 Limiting minimal energy configurations
4.1 Fine estimates on the limiting minimal energy . . . . . . .. . ..
4.2 Sharp estimates on the number of the broken triangles . . . . ..
4.3 Convergence of almost minimizers . . . . . . .. .. .. ... ...
4.3.1 The supercritical case . . . . . . ... ... ... ... ...
4.3.2 The subcritical case . . . . . . . . ... 0oL
4.3.3 Proof of the main limiting result . . . . . . .. .. .. ...

5 The limiting variational problem
5.1 Convergence of the variational problems . . . . . .. .. ... ..
5.1.1 The I'-liminf-inequality . . ... ... ... . ... ....
5.1.2 Recovery sequUences . . . . . . . . .o e
5.2 Analysis of the limiting variational problem . . . .. .. ... ..

II A quantitative geometric rigidity result in SBD and
the derivation of linearized models from nonlinear Griffith

energies

6 The model and main results
6.1 Rigidity estimates . . . . . . . ... Lo
6.2 Compactness . . . . . . . . . .
6.3 I'-convergence and application to cleavage laws . . . . . . . . . ..
6.4 Overview of the proof . . . . . . . .. .. ... ... ... .....
6.4.1 Korn-Poincaré-type inequality . . . . . ... ... .. ...
6.4.2 SBD-rigidity . . . . . ... ... o
6.4.3 Compactness and ['-convergence . . . . . . .. .. ... ..

7 Preliminaries
7.1 Geometric rigidity and Korn: Dependence on the set shape . . . .
7.2 A trace theorem in SBVZ . . . . . .. ... ... ... ... ...

8 A Korn-Poincaré-type inequality

8.1 Preparations . . . . . . . . . . ...

8.2 Modification of sets . . . . . .. ... Lo

8.3 Neighborhoods of boundary components . . . . .. .. ... ...
8.3.1 Rectangular neighborhood . . . . . . ... ... ... ...
8.3.2 Dodecagonal neighborhood . . . . . . ... ... ... ...

8.4 Proof of the Korn-Poincaré-inequality . . . . . . .. ... .. ...
8.4.1 Conditions for boundary components and trace estimate

i

115

117
118
121
124
126
126
129
131

133
133
140

143
144
146
150
151
161
164
165



8.4.2 Modification algorithm . . . . .. . ... ... .. ... ..
8.4.3 Proof of the main theorem . . . . . . ... ... ... ...
8.5 Trace estimates for boundary components . . . .. ... ... ..
8.5.1 Preliminary estimates . . . . . . . .. .. ... ... .. ..
8.5.2  Step 1: Small boundary components . . . ... ... ...
8.5.3 Step 2: Subset with small projection of components . . . .

183

8.5.4 Step 3: Neighborhood with small projection of components 191

8.5.5 Step 4: Generalcase . . . .. . ... ... ... ... ...

9 Quantitative SBD-rigidity
9.1 Preparations . . . . . . . . . . ...
9.2 A local rigidity estimate . . . . . .. .. ...
9.2.1 Estimates for the derivatives . . . . . . .. ... ... ...
9.2.2 Estimates in terms of the H'-norm . . . .. ... .. ...
9.2.3 Local rigidity for an extended function . . . . .. ... ..
9.3 Modification of the deformation . . . . . ... ... ... .....
9.4 SBD-rigidity up to small sets . . . . . . .. .. ...
9.4.1 Step 1: Deformations with least crack length . . . . . . ..
9.4.2 Step 2: Deformations with a finite number of cracks . . . .
9.4.3 Step 3: Generalcase . . . ... ... ... ... ...,
9.5 Proof of the main SBD-rigidity result . . . . . .. ... ... ...

10 Compactness and I'-convergence
10.1 Compactness of rescaled configurations . . . . . . .. .. .. ...
10.2 Admissible & coarsest partitions and limiting configurations
10.3 Derivation of linearized models via I'-convergence . . . . . .. ..
10.4 Application: Cleavage laws . . . . . . . . . . .. ... .. .....

A Functions of bounded variation and Caccioppoli partitions
A1 (G)SBV and (G)SBD functions . . . .. .. ... ... ......
A.2 Caccioppoli partitions . . . . . . ... ... .. ... ...

B Rigidity and Korn-Poincaré’s inequality

il

194

201
201
207
208
211
224
227
230
231
233
240
243

253
253

. 260

266
268

271
271
276

279



